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INTEGRATION OF SIMPLICIAL FORMS AND
DELIGNE COHOMOLOGY
JOHAN L. DUPONT AND RUNE LJUNGMANN
Abstract. We present two approaches to constructing an inte-
gration map for smooth Deligne cohomology. The first is defined
in the simplicial model, where a class in Deligne cohomology is
represented by a simplicial form, and the second in a related but
more combinatorial model.
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1. Introduction
For the construction of invariants for families of bundles, integration
along the fiber is usually applied in order to obtain forms defined on
the parameter space. In the case of families of bundles with connection
the classical Chern-Weil theory gives rise to invariants living in smooth
Deligne cohomology, and hence a notion of integration along the fiber is
needed in this setting (see e.g. Freed [6] or Dupont-Kamber [5]). In this
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paper, we introduce two different constructions of this map. The first
one is defined in the simplicial model for smooth Deligne cohomology
introduced in [5], where a class in the smooth Deligne cohomology
H l+1D (Z,Z) is represented by a simplicial form ω ∈ Ω
l(|NU|), for U a
covering of Z. We prove that:
Theorem 1.1. Given a fiber bundle π : Y → Z with compact, oriented
n-dimensional fibers and suitable coverings V and U . Then there is a
map ∫
[Y/Z]
: Ω∗+n(|NV|)→ Ω∗(|NU|).
It satisfies a Stokes’ formula, and thus if ∂Y = ∅ induces a map
π! : H
∗+n
D (Y,Z)→ H
∗
D(Z,Z)
in smooth Deligne cohomology independent of all choices.
The second construction defines the map in a more combinatorial
model where the cohomology classes are represented by simplicial forms
living in the ’triangulated nerve’ |NK| associated to a triangulation
|K| → |L| of the bundle. This allows us to state the following useful
theorem in the case where the fiber has boundary:
Theorem 1.2. Assume that ∂Y 6= ∅ then for a form ω ∈ Ω∗+n(|NV|)
representing an element in smooth Deligne cohomology, the form∫
K/L
ω ∈ Ω∗(|NL|)/dΩ∗−1(|NL|)
depends only on the triangulation of ∂Y → Z.
There are other approaches to the subject in the literature. In
Hopkins-Singer [8], a cochain model for the Cheeger-Simons differential
characters is given and an integration map is constructed by embed-
ding the bundle in a larger trivial one. In the Cˇech-de Rham model,
Gomi-Terashima [7] have introduced a combinatorial formula that uses
a triangulation of the fiber. Unfortunately their formula is given for
product bundles only, and it is not immediately clear how to generalise
it to the case of a general fiber bundle. We hope to demonstrate that
the approach with simplicial forms is a natural generalisation of the
usual integration map.
We will start by giving a short description of smooth Deligne coho-
mology both in the usual Cˇech-de Rham model and in the simplicial
model introduced in [5] in §2. In §3, we introduce the concept of prism
complexes which is a generalisation of simplicial sets well suited for fiber
bundles. It will provide a convenient framework for the constructions
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in §§4-5. In §4, we construct an integration map in the simplicial model
by choosing suitable coverings of the fiber bundle and a set of partitions
of unity. In §5, we introduce a more combinatorial model closely re-
lated to the simplicial approach. By using an Alexander-Whitney type
map, we then give a combinatorial integration formula. Finally the
two approaches are shown to induce the same map in smooth Deligne
cohomology.
Acknowledgment The authors would like to thank Franz Kamber,
Ulrich Bunke and Marcel Bo¨kstedt for useful discussions during the
preparation of this paper.
2. Smooth Deligne cohomology
Here follows a short introduction to smooth Deligne cohomology.
The Deligne cohomology groups are usually constructed as the hyper-
cohomology of a certain sequence of sheaves. We will however restrict
ourselves to the corresponding concrete Cˇech description. For a more
comprehensive exposition see Brylinski [2].
Let Z be a smooth manifold of dimension m and let U = {Ui}i∈I be
a ’good’ open cover of Z. (That is every non-empty intersection of sets
from the covering is contractible).
Let Ωˇp,q(U) = Cˇp(U ,Ωq) be the ordinary Cˇech-de Rham complex. It
is well-known that the chain-map
ε∗ : Ωq(Z)→ Ωˇ0,q(U),
induced by the inclusion ε : ⊔Ui → Z gives an isomorphism
H∗dR(Z)→ H
∗(Ωˇ∗(U))
in homology. We also have an inclusion of the ordinary Cˇech-complex
with integer coefficients
Cˇp(U ,Z)→ Ωˇp,0(U)
which gives us the quotient complex
Ωˇ∗
R/Z(U) = Ωˇ
∗(U)/Cˇ∗(U ,Z).
Definition 2.1. 1. An (Hermitian line) l−1-gerbe on Z is an l-cocycle
in Cˇ l(U ,R/Z) or equivalently a θ ∈ Ωˇl,0
R/Z(U) with δθ = 0.
2. A connection ω in an l − 1-gerbe θ is a ω = (ω0, . . . , ωl) ∈ Ωˇ
l
R
(U),
where ωi ∈ Ωˇ
i,l−i
R
(U), so that ωl ≡ −θ mod Z and ω is a cycle in
Ωˇ∗
R/Z/ε
∗Ω∗(Z).
3. Two l−1-gerbes θ and θ′ with connections ω and ω′ are equivalent if
ω and ω′ are cohomologous in Ωˇ∗
R/Z(U). The set of equivalence classes
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[θ, ω] is denoted H l+1D (Z,Z) and is called the l + 1’st smooth Deligne
cohomology group.
Remarks 2.2. 1. Note that H l+1D (Z,Z) is the cohomology of the se-
quence
Ωˇl−1
R/Z(U)
d
→ Ωˇl
R/Z(U)
d
→ Ωˇl+1
R/Z(U)/ε
∗Ωl+1(Z).
2. That ω is a cycle in Ωˇ∗
R/Z/ε
∗ω∗(Z) is equivalent to the relations
δωi−1 + (−1)
idωi = 0, i = 0, . . . , l
and
δωl ≡ 0 mod Z.
3. Our definition of a gerbe is to some extend an abuse of language,
since a gerbe is actually a well-defined geometrical object, so that the
set of isomorphism classes of gerbes (with band R/Z) over Z is isomor-
phic to H2(Z,R/Z), this corresponds to our case l = 2. Our viewpoint
is equivalent to identifying a line bundle with its defining cocycle. If the
reader finds this inconvenient, he/she can simply choose to substitute
’gerbe’ with ’gerbe data’.
Proposition 2.3. 1. We have a commutative diagram
H l+1D (Z,Z)
δ∗

d∗ // Ωl+1cl (Z)
I

H l+1(Z,Z) // H l+1(Z,R)
where Ωl+1cl (Z) is the set of closed l + 1-forms with integral periods.
2. There is a short exact sequence
0→ H l(Z,R/Z)→ H l+1D (Z,Z)
d∗→ Ωl+1cl (Z)→ 0, (2.4)
Proof. 1. Note that since δdω0 = dδω0 = d
2ω1 = 0 then Fω = dω0 is
actually a globally defined, closed l + 1-form. Fω is called the curva-
ture of ω. d∗ is the map sending ω to Fω. δ∗ is just the connecting
homomorphism for the short exact sequence
0→ Z→ R→ R/Z→ 0
and I is the de Rham map. Now, commutativity of the diagram follows
from the fact that dω0 − δθ = dω0 + δωl = Dω in Ωˇ
∗
R
(U).
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2. The kernel of d∗ is the ’gerbes with flat connection’. Since a gerbe
with flat connection is actually a cocycle in the full complex Ωˇ∗
R/Z(U),
we see that the kernel is in fact H l(Z,R/Z). 
There is also a description of gerbes with connection in terms of the
differential characters of Cheeger-Simons [3]. Indeed there is an explicit
isomorphism H lD(Z,Z)
∼= Hˆ l(Z,Z) given in e.g. Dupont-Kamber [5].
2.1. Simplicial forms. In [5], there is given a description of gerbes
with connection in terms of simplicial forms, which we will briefly recall.
Given an open cover U = {Ui} of Z we have the nerve NU = {NU(p)}
of the covering where
NU(p) =
⊔
i0,...,ip
Ui0 ∩ · · · ∩ Uip.
We denote Ui0 ∩ · · · ∩ Uip by Ui0...ip in the following.
NU is a simplicial manifold where the face maps
dj : Ui0...ip → Ui0...iˆj ...ip
and degeneracy maps
sj : Ui0...ip → Ui0...ijij ...ip
are just inclusions.
Definition 2.5. A simplicial n-form ω = {ω(p)} on NU consists of
forms ω(p) ∈ Ωn(∆p ×NU(p)) which satisfy the relations
(εj × id)
∗ω(p) = (id× dj)
∗ω(p−1),
where εj : ∆
p−1 → ∆p denotes the ordinary j’th face map. We denote
the set of simplicial forms on NU by Ω∗(||NU||). If the forms also
satisfy the relations
(ηj × id)
∗ω(p−1) = (id× sj)
∗ω(p),
where ηj : ∆
p → ∆p−1 is the ordinary j’th degeneracy map, the forms
are called normal. The set of normal forms is denoted Ω∗(|NU|).
Remark 2.6. Our index sets will always be assumed to be ordered
and it is then customary to consider only ordered (p + 1)-tuples, that
is for a tuple (i0, . . . , ip) we have i0 ≤ · · · ≤ ip. Later when we move on
to prism complexes this will in some instances be annoying. Instead we
demand that for a permutation σ ∈ Σ(p) the normal forms also satisfy
the relation
σ˜∗ω = ω
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where σ˜ : ∆p × Ui0...ip → ∆
p × Uiσ(0)...iσ(p) on the first factor is the
simplicial map that permutes the vertices of ∆p according to σ and on
the second factor is the identity.
We have a direct sum decomposition
Ωn(|NU|) =
⊕
p+q=n
Ωp,q(|NU|)
where Ωp,q(|NU|) is the set of forms that are of degree p in the barycen-
tric coordinates on the simplex in the product ∆k ×NU(k) for k ≥ p.
There is a chain map
I∆ : Ω
p,q(|NU|)→ Ωˇp,q(U)
given by I∆(ω) =
∫
∆p
ω(p). This map gives an isomorphism in homol-
ogy. In fact it has a right inverse given on ∆k ×NU(k) by
E(ω) = p!
∑
|I|=p
ωI ∧ d
∗
Iω
Where I = (i0, . . . , ip) is a sequence of integers 0 ≤ i0 ≤ · · · ≤ ip ≤ k,
ωI =
∑p
j=0(−1)
jtijdti0 ∧
ˆdtij ∧dtip are the elementary forms on ∆
k and
dI : NU(k) → NU(p) is dI = dj1 · · · djl where 0 ≤ jl ≤ · · · ≤ j1 ≤ k is
the complementary sequence of I (see Dupont [4] for details).
The natural inclusion ⊔Ui → Z also induces a map
ε′∗ : Ω∗(Z)→ Ω∗(|NU|),
so we get the following commutative diagram of homology isomor-
phisms:
Ωn(Z)
ε∗ %%KK
KK
KK
KK
KK
ε′∗ // Ωn(|NU|)
I∆

Ωˇn(U)
We need a notion of integral simplicial forms in order to imitate the
construction in the previous section.
Definition 2.7. A form ω ∈ Ω∗(|NU|) is called discrete if it is constant
with respect to any local coordinates on the nerve. Furthermore it is
called integral if I∆(ω) ∈ Cˇ
∗(U ,Z). The chain complex of integral
forms is denoted Ω∗
Z
(|NU|)
Proposition 2.8. We have the following isomorphisms
1.
Hn(Ω∗
Z
(|NU|)) ∼= Hn(C∗(U ,Z)) = Hn(Z,Z).
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2. If we define
Ω∗
R/Z(|NU|) = Ω
∗(|NU|)/Ω∗
Z
(|NU|)
then also
Hn(Ω∗
R/Z(|NU|))
∼= Hn(Ωˇ∗R/Z(U))
∼= Hn(Z,R/Z).
3. I∆ induces an isomorphism from the cohomology of the sequence
Ωl−1
R/Z(|NU|)
d
→ Ωl
R/Z(|NU|)
d
→ Ωl+1
R/Z(|NU|)/ε
∗Ωl+1(Z) (2.9)
to H l+1D (Z,Z).
Proof. 1. The map I∆ takes integral forms to integral cochains by defi-
nition. It induces an isomorphism in cohomology since the map E takes
integral cochains to integral forms and the chain homotopies from id
to E ◦ I∆ given in [4] are easily seen to map integral forms to integral
forms.
2. Follows easily from the above.
3. Since the cohomology group of (2.9) fits into the same short exact
sequence as in (2.4) the 5-lemma gives us that I∆ is an isomorphism.

Corollary 2.10. Every class in H l+1D (Z,Z) can be represented by an l−
1-gerbe θ with connection ω, where ω = I∆(Λ) for some Λ ∈ Ω
l(|NU|)
and
dΛ = ε∗α− β, α ∈ Ωl+1(Z), β ∈ Ωl+1
Z
(|NU|).
3. Prism complexes
The notion of a ’prism complex’ and ’prismatic’ decomposition has
occurred (implicitly or explicitly) in many different contexts. We refer
to Akyar-Dupont-Ljungmann [1] for further details and references.
A prism complex is a generalisation of a simplicial set (or mani-
fold) well suited for fiber bundles. A prism complex P = {Pp} is a
collection of p + 1-simplicial sets Pp. That is for each set of posi-
tive integers (q0, . . . , qp) we have sets Pp,q0...qp with face and degeneracy
maps dij : Pp,q0...qp → Pp,q0...qi−1...qp and s
i
j : Pp,q0,...,qp → Pp,q0...qi+1...qp,
i = 0, . . . , p, j = 0, . . . qi satisfying the usual relations. Furthermore
we want another set of simplicial (i.e. commuting with the dij’s and
sij’s) face maps di : Pp,q0...qp → Pp−1,q0...qˆi...qp and degeneracy maps
si : Pp,q0...qp → Pp+1,q0,...qiqi...qp so that (Pp, di, si) becomes an ordinary
simplicial set. Note that in some applications the last set of degeneracy
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maps does not exist naturally so in these cases (Pp, di) is only a ∆-set.
As with ordinary simplicial sets we can for each p form the geometric
and fat realisations |Pp| and ||Pp||, that is, the quotients of⊔
q0...qp
∆q0 × · · · ×∆qp × Pp,q0...qp
where we divide out by the equivalence relations generated by the face
and degeneracy maps
εij : ∆
q0...qi...qp → ∆q0...qi+1...qp
and (in case of the geometric realisation)
ηij : ∆
q0...qi...qp → ∆q0...qi−1...qp
(where ∆q0...qp is short hand notation for the prism ∆q0 × · · · ×∆qp).
The face and degeneracy maps di and si now induce a structure of
a simplicial set on |Pp| (||Pp||) by acting as the projection and the
diagonal on ∆q0 × · · · × ∆qp respectively. That is let πi : ∆
q0...qp →
∆q0...qˆi...qp be the projection that deletes the i’th coordinate and let
∆i : ∆
q0...qp → ∆q0...qiqi...qp be the diagonal map that repeats the i’th
factor. Then we can form the geometric realisation
|P.| =
⊔
p≥0
∆p × |Pp|/ ∼
where the equivalence relation is generated by
(εit, s, x) ∼ (t, πis, dix), t ∈ ∆
p−1, s ∈ ∆q0...qp, x ∈ Pp,q0...qp
and
(ηit, s, x) ∼ (t,∆is, six), t ∈ ∆
p+1, s ∈ ∆q0...qp, x ∈ Pp,q0...qp
Example 3.1. Given a smooth fiber bundle π : Y → Z with dim Y =
m + n, dimZ = m and compact fibers, possibly with boundary, a
theorem of Johnson [9] gives us smooth triangulations K and L of
Y and Z respectively and a simplicial map π′ : K → L so that the
following diagram commutes
|K|
|π′|

∼= // Y
π

|L|
∼= // Z
Here the horisontal maps are homeomorphisms which are smooth on
each simplex. Furthermore given such a triangulation of ∂Y → Z we
can also extend it to a triangulation of Y → Z.
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Now the geometric idea is that if z ∈ Z lies in the interior of a
p-simplex of L then the fiber over z is in a canonical way decom-
posed into p+ 1-fold prisms of the form ∆q0...qp as above. Formally we
define the prismatic complex PS(K/L) by letting PSp(K/L)q0...qp ⊆
Sp+q0+···+qp(K)× Sp(L) be the subset of simplices (τ, η) so that qi + 1
of the vertices in τ lies over the i’th vertex in η. Then we have face
and degeneracy operators defined in the obvious way. In particular this
gives us boundary maps in the ’fiber direction’ of the associated chain
complex
∂iF : PCp(K/L)q0...qp → PCp(K/L)q0...qi−1...qp
defined by ∂iF =
∑
(−1)jdij, (∂
i
F = 0 for qi = 0), and also a ’total’
boundary map ’along the fiber’
∂F = ∂
0
F + (−1)
q0+1∂1F + · · ·+ (−1)
q0+···+qp−1+p∂pF .
Also there is a ’horisontal’ boundary map
∂H = ∂0 + (−1)
q0+1∂1 + · · ·+ (−1)
q0+···+qp−1+p∂p,
where
∂i =
{
0 if qi > 0
di if qi = 0
so that ∂ = ∂F + ∂H is compatible with the chain map in the ordinary
chain complex C∗(K) for K.
There is a natural ’prismatic triangulation’ homeomorphism
ℓ : |PS(K/L)|
∼=
→ |K|
induced by
ℓ(t, s0, . . . , sp, (τ, η)) = (t0s
0, . . . , tps
p, τ)
for (t, s, τ) ∈ ∆p ×∆q0...qp × PSp(K/L)q0...qp. Note that if
◦
σ is an open
p-simplex in L then ℓ provides a natural trivialisation of |K| over
◦
σ
◦
σ ×|PSp(K/σ)|
∼=
→ |K||σ
Example 3.2. Another example in the category of manifolds, comes
from the nerve of compatible open coverings of the total space and the
base space. That is, given a covering U = {Ui} of Z we have a covering
W = {Wi = π
−1(Ui)} of Y , and for each i, V
i is an open cover of Wi.
This gives a covering V = ∪V i of Y (with lexicographically ordered
index set). Then we put
PpN(V/U)q0...qp =
⊔
V i0
j00
∩ · · · ∩ V i0j0q0
∩ · · · ∩ V
ip
jpqp
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with V ij ∈ V
i, and face and degeneracy maps are inclusions similarly
to the simplicial case in section 2.1. In the following, we will denote
V i0
j00
∩ · · · ∩ V
ip
jpqp
by Vj00 ...j
p
qp
.
A useful special case of this situation occurs in the context of example
3.1 above with the coverings consisting of the (open) stars of the trian-
gulations of K and L. More precisely U = {Ui = st(ai)} where ai ∈ L
0
is a 0-simplex in L and V i = {V ij = st(b
i
j)} where b
i
j ∈ π
−1(ai) ∩ K
0.
Note that the discrete prismatic nerve of this covering is just PS(K/L).
3.1. A de Rham theorem. As a straightforward generalisation of
simplicial forms, we introduce the complex of (normal) prismatic forms
on the prism complex in the above example 3.2.
Definition 3.3. A prismatic n-form is a collection ω = {ωq0...qp} of
forms ωq0...qp ∈ Ω
n(∆p×∆q0...qp×PpNV/Uq0...qp) satisfying the relations
(id× εij × id)
∗ωq0...qp = (id× id× d
i
j)
∗ωq0...qi−1...qp
and
(εi × id× id)
∗ωq0...qp = (id× πi × di)
∗ωq0...qˆi...qp.
A form is called normal if it also satisfies the relations
(id× ηij × id)
∗ωq0...qi−1...qp = (id× id× s
i
j)
∗ωq0...qp
and
(ηi × id× id)
∗ωq0...qp = (id×∆i × si)
∗ωq0...qiqi...qp.
The complex of normal simplicial forms is denoted by
Ω∗(|PNV/U |).
As in the simplicial case we have a direct sum decomposition of this
complex
Ωn(|PNV/U |) =
⊕
p+q+r=n
Ωp,q,r(|PNV/U |)
=
⊕
p+q0+···+qp+r=n
Ωp,q0,...,qp,r(|PNV/U |),
where Ωp,q0,...,qp,r(|PNV/U |) is the set of forms of degree p in the
barycentric coordinates of the first simplex, of degree q0 in the sec-
ond and so on and finally of degree r in some local coordinates on the
nerve of the covering. This makes Ω∗(|PNV/U |) into a triple-complex.
There is also a corresponding Cˇech-de Rham triple-complex
Ωˇp,q,r(V/U) =
⊕
q0+···+qp=q
Ωr(PpNV/Uq0,...,qp)
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with differentials
∂′ : Ωˇp,q,r(V/U)→ Ωˇp+1,q,r(V/U)
∂′′ : Ωˇp,q,r(V/U)→ Ωˇp,q+1,r(V/U)
∂′′′ : Ωˇp,q,r(V/U)→ Ωˇp,q,r+1(V/U)
Here ∂′ =
∑
(−1)i∂′i where
∂′iα|j00 ...j
p+1
qp+1
=
{
0 if qi > 0
α
|j00 ...jˆ
i
0...j
p+1
qp+1
if qi = 0
∂′′ and ∂′′′ are usual Cˇech and de Rham differentials.
As in the simplicial case we have
Proposition 3.4. The map
I∆ : Ω
p,q,r(|PNV/U |)→ Ωˇp,q,r(V/U)
given by
I∆(ω) =
∫
∆p×∆q0...qp
ωq0...qp, for ω ∈ Ω
p,q0,...,qp,r(|PNV/U |)
induces an isomorphism in cohomology. The right inverse is given on
∆k0...kp × PpNV/Uk0...kp by
E(ω) = p!q0! · · · qp!
∑
|J |=p
∑
|J0|=q0
· · ·
∑
|Jp|=qp
ωJ ∧ ωJ0 ∧ · · · ∧ ωJp ∧ d
∗
J0···Jp
ω.
The ωJj ’s are the elementary forms on ∆
qj and dJ0···Jp are face maps
as in the simplicial case.
Proof. The proof is the same as in the simplicial case (see e.g. [4]). 
Proposition 3.5. The inclusion ε : ⊔V ij → Wi induces the maps ε
∗
1
and ε∗2 in the following commutative diagram
Ωp,r(|NW|)
I∆

ε∗1 // Ωp+r(|PNV/U |)
I∆

Ωˇp,r(W)
ε∗2 // Ωˇp+r(V/U)
They both induce isomorphisms in cohomology.
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Proof. We first notice that both Ωp,0,r(|PNV/U |) ∼= Ωp,r(|NV|) and
Ωˇp,0,r(V/U) ∼= Ωp,r(V) as double complexes, so in the following diagram
Ωp,r(|NW|)
I∆

ε∗1 // Ωp,0,r(|PNV/U |)
I∆

Ωˇp,r(W)
ε∗2 // Ωˇp,0,r(V/U)
the εi’s are just refinement maps and thus induce isomorphisms in
cohomology.
Now let us see that for fixed p and r the complex Ωˇp,q,r(V/U) is exact,
this will imply that
Ωˇp,0,r(V/U)→ Ωˇp+r(V/U)
is a cohomology isomorphism.
We first construct homomorphisms
si : Ωˇp,q0,...,qp,r(V/U)→ Ωˇp,q0,...,qi−1,...qp(V/U).
We choose partitions of unity onWi subordinate V
i = {V ij }j∈Ji for each
i = i0, . . . , ip and set
si(ω)j00 ...jiqi−1j
i+1
0 ...j
p
qp
= (−1)q0+···+qi
∑
j∈Ji
φijωj00 ...jiqi−1jj
i+1
0 ...j
p
qp
Let δ˜i = (−1)q
0+···+qi−1δi, then we have
siδ˜j + δ˜jsi = 0, i 6= j
and
siδ˜i + δ˜isi = id
this gives
siδ + δsi = id
for each i. So for fixed p and r the chain complex Ωˇq,r(V/U) is exact.

Corollary 3.6. We have a quasi-isomorphism
ε′∗ : Ω∗(|NW|)→ Ω∗(|PNV/U |)
induced by the inclusion ⊔V ij → Wi.
Remark 3.7. The above result could have been obtained in a different
manner. In the next section, we will construct a right inverse φ to ε′.
We could then have constructed a homotopy φ ◦ ε′ ∼ id which would
give us a chain homotopy directly on Ω∗(|PNV/U |).
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4. Integration
For a fiber bundle with compact oriented fibers, we want to define
an integration map
∫
: Ωk+n(|NV|)→ Ωk(|NU|) for coverings U and V
coming from triangulations as in example 3.2. To do so, we define a map
|NW| → |NV|, and then our integration is given by pulling back forms
by this map and then integrating along the fiber in |NW| → |NU|. We
define the map in two steps. First we have, similarly to the ’prismatic
triangulation’ map in example 3.1, a map ℓ : |PNV/U |→ |NV| defined
on
ℓ : ∆p ×∆q0...qp × Vj00 ...j
p
qp
→ ∆p+q0+···+qp × Vj00 ...j
p
qp
by
ℓ(t, s0, . . . , sp, x) = (t0s
0, . . . , tps
p, x)
Now recall that each Wi is covered by V
i = {st(bij)}j∈Ji. Choose
partitions of unity {φij} for Wi subordinate V
i for each i. We are now
ready to define
φ˜ : |NW| → |PNV/U |
on ∆p × Wi0...ip. Take x ∈ Wi0...ip for each i = i0, . . . , ip there is a
minimal set {ji0, . . . j
i
qi
} ∈ Ji so that
qi∑
r=0
φijir(x) = 1.
We then map
(t, x) ∈ ∆p ×Wi0...ip
to
(t, φi0
j00
(x), . . . φi0j0q0
(x), . . . , φ
ip
jpqp
(x), x) ∈ ∆p ×∆q0...qp × Vj00 ···j
p
qp
Remark 4.1. Note that since the covering comes from a triangulation
it has covering dimension n+m so we have ensured that q =
∑
qi ≤ n
for non-degenerate simplices.
Now for ω ∈ Ωn+k(|NV|) define(∫
[Y/Z]
ω
)
|∆p×Ui0...ip
=
∫
∆p×Wi0...ip/∆
p×Ui0...ip
φ˜∗ℓ∗ω,
where the right hand side denotes usual integration along the fibers.
Theorem 4.2. Given triangulations and partitions of unity as above,
the following holds.
1. Let ω ∈ Ω∗+n(|NV|) be a normal simplicial form, then
∫
[Y/Z]
ω is a
well-defined normal simplicial form.
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2. For ω ∈ Ω∗+n−1(|NV|) we have
∫
[Y/Z]
dω =
∫
[∂Y/Z]
ω + (−1)n0d
∫
[Y/Z]
ω.
Proof. 1. It is clear that
∫
[Y/Z]
ω is a well-defined simplicial form i.e. is
compatible with respect to the degeneracy operators. Let us see that
it is normal, that is
(ηj × id)
∗
(∫
[Y/Z]
ω
)(p)
= (id× sj)
∗
(∫
[Y/Z]
ω
)(p+1)
.
We first notice that
(ηj × id)
∗
(∫
[Y/Z]
ω
)
|∆p×Ui0...ip
= (ηj × id)
∗
∫
∆p×Wi0...ip/∆
p×Ui0...ip
φ˜∗ℓ∗ω
=
∫
∆p+1×Wi0...ip/∆
p+1×Ui0...ip
(ηj × id)
∗φ˜∗ℓ∗ω
=
∫
∆p+1×Wi0...ip/∆
p+1×Ui0...ip
φ˜∗(ηj × id)
∗ℓ∗ω
=
∫
∆p+1×Wi0...ip/∆
p+1×Ui0...ip
φ˜∗(ℓ ◦ (ηj × id))
∗ω
and at the same time
(id× sj)
∗
(∫
[Y/Z]
ω
)
|∆p+1×Ui0...ij ij ...ip
= (id× sj)
∗
∫
∆p+1×Wi0...ij ij ...ip/∆
p+1×Ui0...ij ij ...ip
φ˜∗ℓ∗ω
=
∫
∆p+1×Wi0...ij ...ip/∆
p+1×Ui0...ij ...ip
(id× sj)
∗φ˜∗ℓ∗ω
=
∫
∆p+1×Wi0...ip/∆
p+1×Ui0...ip
φ˜∗(id× sj)
∗ℓ∗ω
=
∫
∆p+1×Wi0...ip/∆
p+1×Ui0...ip
φ˜∗(ℓ ◦ (id× sj))
∗ω.
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Hence we only need to show that (ℓ ◦ (id × sj))
∗ω = (ℓ ◦ (ηj × id))
∗ω.
This can be seen from the following commutative diagram
∆p ×∆q0...qp × Vj00 ...j
p
qp
ℓ // ∆p+q × Vj00 ...j
p
qp
∆p+1 ×∆q0...qp × Vj00 ...j
p
qp
ηj×id
OO
ℓ˜ //
id×sj

∆p+q+qj+1 × Vj00 ...j
p
qp
η˜×id
OO
σ˜◦(id×s˜)

∆p+1 ×∆q0...qjqj ...qp × Vj00 ...j
j
0...j
j
qj
jj0...j
p
qp
ℓ // ∆p+q+qj+1 × Vj00 ...j
j
0...j
j
qj
jj0...j
p
qp
where q =
∑
qi, ℓ˜ is given by
ℓ˜(t, s0, . . . , sp, x)
= (t0s
0, . . . , tjs
j
0, tj+1s
j
0, tjs
j
1, . . . , tj+1s
j
qj
, . . . , tp+1s
p, x),
η˜ (and similarly for s˜) is given by
η˜ = ηq0+···+qj−1+j ◦ ηq0+···+qj−1+j+2 ◦ · · · ◦ ηq0+···+qj−1+j+2qj
and finally σ˜ is the map that permutes the vertices in the simplex as
in remark 2.6, so that by assumption σ˜∗ω = ω.
2. Follows from the analogous formula for usual fiber integration. 
There is a map ε′ : |NV| → |NW| induced by the inclusions ⊔V ij →
Wi given on ∆
p+q0+···+qp × Vj00 ...j
p
qp
by
ε′(t00, . . . , t
0
q0, . . . , t
p
qp, x) = (
∑
j
t0j , . . . ,
∑
j
tpj , x) ∈ ∆
p ×Wi0...ip.
Since ε′ is left inverse to ℓ ◦ φ˜ the following lemma follows easily from
the construction of the integral
Lemma 4.3. The following diagrams commute
Ω∗+n(Y )
∫
Y/Z

ε∗ // Ω∗+n(|NV|)
∫
[Y/Z]

Ω∗(Z)
ε∗ // Ω∗(|NU|)
Ω∗+n(|NW|)
∫
Y/Z

ε′∗ // Ω∗+n(|NV|)
∫
[Y/Z]vvnnn
nn
nn
nn
nn
n
Ω∗(|NU|)
that is the integration of simplicial forms is compatible with the usual
fiber integration.
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5. A combinatorial formula
As in the case of a product bundle (cf. Gomi-Terashima [7]) there is
also a combinatorial formula for the integration map in the case of a
general fiber bundle. However, the resulting forms are only ’piece-wise’
smooth. We start by introducing a new complex consisting of these
forms.
5.1. The triangulated nerve. Given a triangulation L of a smooth
manifold Z we have as mentioned earlier an open cover U given by the
stars st(a) where a is a point in L0.
For every simplex σ ∈ L, the closed star
st(σ) =
⋃
τ∈Ln,σ⊆τ
|τ |
inherits a natural triangulation Lσ from L. This gives a realisation
|Lσ| ∼= st(σ).
Definition 5.1. The triangulated nerve NL is the simplicial complex
with p-simplices given by
NpL =
⊔
σ∈Lp
|Lσ|
and for σ = [a0, . . . , ap] the face and degeneracy operators
dj : |La0...ap| → |La0...aˆj ...ap | and sj : |La0...ap | → |La0...ajaj ...ap |
are given by inclusions.
Our construction will give simplicial forms on |NL|.
Recall that a form ω on a simplicial complex is a collection of forms
ω = {ω(p)} with ω(p) ∈ Ω∗(∆p × NpL) satisfying the relation (ε
j ×
id)∗ω(p) = (id × dj)
∗ω(p−1). But the Lσ’s, σ ∈ L
p, are simplicial sets
too, so our forms ω(p) actually live on
⊔σ∈Lp ⊔i ∆
p ×∆i × L(i)σ ,
where L
(i)
σ is the discrete set of i-simplices in Lσ.
Now much of what has been done in the previous sections carry over.
We can define integral forms Ω∗
Z
(|NL|) ⊆ Ω∗(|NL|) exactly as before
and given triangulations of a fiber bundle as in example 3.1 we also get
triangulated nerves both of the base and the total space. We can also
associate a prism complex to this situation in exactly the same way as
in example 3.2. There is obviously also a map ℓ : |PNK/L| → |NK|
as before.
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Now let us show that with regard to cohomology it does not matter
whether we use ordinary simplicial forms or simplicial forms on the
triangulated nerves.
We introduce the simplicial manifold (with ’corners’) NU with
NpU =
⊔
i0,...,ip
Ui0...ip .
Since the cohomology of Ω∗(|NU|) does not depend on the open cover
and since forms on a closed subset are restrictions of forms on a larger
open subset, we get that the restriction Ω∗(|NU|)→ Ω∗(|NU|) induces
an isomorphism in cohomology.
Proposition 5.2. The map
ι : Ω∗(|N U¯ |)→ Ω∗(|NL|)
induced by the homeomorphisms
|La0...ap |
∼= st([a0, . . . , ap])
is an isomorphism in cohomology.
Proof. It follows readily from the following commutative diagram
Ωp,q(|N U¯ |)
ι //
I∆

Ωp,q(|NL|)
I∆

Ωq(NpU)
ι′ // Ωp(NpL)
since both vertical maps are isomorphisms in cohomology by the sim-
plicial de Rham theorem. In fact, the de Rham theorem also implies
that the lower horisontal map induces an isomorphism in cohomology,
since the map Ωq(st(σ)) → Ωq(|Lσ|) is a cohomology isomorphism for
all σ ∈ L. 
Now let us show that we can also represent a class in Deligne coho-
mology by a simplicial form on a triangulated nerve.
First, let U = {Ui}i∈I be a covering of Z and let L be a triangulation,
so that every closed star of L lies inside an open set of U . That is we
have a map α : L0 → I so that st(a) ⊆ Uα(a). This gives a chain map
T : Ω∗(|NU|)→ Ω∗(|NL|)
Proposition 5.3. The map T induces an isomorphism both in ordinary
cohomology and between the cohomology of (2.9) and
Ωl−1
R/Z(|NL|)
d
→ Ωl
R/Z(|NL|)
d
→ Ωl+1(|NL|)/ε∗Ωl+1(Z) (5.4)
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Proof. Follows from the last proposition since T is the composition of
a refinement map and ι. 
Hence smooth Deligne cohomology is represented by the cohomology
of the sequence (5.4).
5.2. The integration map. We want to define an integration map∫
K/L
: Ω∗+n(|NK|)→ Ω∗(|NL|).
First, for a simplex σ = [a0, . . . , ap] ∈ L we define a map
AW : PCk,m(K/Lσ)→
⊕
k1+k2=k
PCk1,p(K/σ)⊗ PCk2,m(K/Lσ).
Let (τ, η) ∈ PCk,m(K/Lσ) then since η is a top-dimensional sim-
plex in Lσ we have σ ⊆ η let i0, . . . , ip ∈ {0, . . . , n} denote the in-
dices of the corresponding vertices of σ in η. Let us write τ as τ =
[b00, . . . b
0
q0
| . . . |bm0 , . . . , b
m
qm ], where the i’th block, |b
i
0, . . . , b
i
qi
|, lies over
the i’th vertex in η. For 0 ≤ sj ≤ qij we define
τ s0···sp = [bi00 , . . . , b
i0
s0
| . . . |b
ip
0 , . . . , b
ip
sp ]
and
τs0···sp = [b
0
0, . . . , b
0
q0
| . . . |bijsj , . . . , b
ij
qij
| . . . |bm0 , . . . , b
m
qm ]
then our map is given by
AW(τ) =
∑
0≤sj≤qij
τ s0···sp ⊗ τs0···sp.
That is an Alexander-Whitney type map with respect to each block of
vertices in τ lying over a vertex in σ.
The following lemma is a straightforward computation similar to the
proof of the usual AW-map being a chain map.
Lemma 5.5. The map
AW : PCk,m(K/Lσ)→
⊕
k1+k2=k
PCk1,p(K/σ)⊗ PCk2,m(K/Lσ)
is a chain map with respect to the boundary map ∂F from example 3.1,
that is
AW∂F = ∂FAW.

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We have to specify
∫
K/L
ω ∈ Ω∗(|NL|) as a form on ∆p×η for η ∈ Lσ.
If for the moment we let η be an m-simplex the formula is quite simple.
First pick an orientation of η, since the fibers of π is oriented, this
gives us an orientation of Y|η and hence a fundamental class [Y|η] ∈
PCn+m(K/σ).
Now consider NK|π−1(|Lσ|) as a subset of |K||σ × |K|||Lσ|. We will
define
∫
K/L
ω|∆p×η by restricting ω to AW([Y|η]) and integrate along
the fiber over ∆p × η.
Set s =
∑p
i=0 si, then our formula will be given by∫
K/L
ω|∆p×η =
∑
τ∈PSn,m(K/η)
∑
0≤sj≤qij
ε(τ)
∫
∆p+s×τs0...sp/∆
p×η
ω
(p+s)
τs0...sp ,
(5.6)
where ω
(p+s)
τs0...sp ∈ Ω
∗+n(∆p ×Kτs0...sp ) and ε(τ) is the sign of τ in [Y|η].
The integration shall be understood as follows: We restrict ω to ∆p+s×
τs0...sp and then integrate it along the fibers over ∆
p × η with respect
to the map ∆p+s → ∆p given by
(t0, . . . tp+s) 7→ (
s0∑
i=0
ti,
s0+s1+1∑
i=s0+1
ti, . . . ,
s0+...sp+p∑
i=s0+...sp−1+p
ti)
and the map τs0...sp → η which is just the restriction of π.
Remark 5.7. In the above, we could also have chosen to pull ω back
to Ω∗+n(|PNK/Lσ|) with ℓ and then integrate with respect to the map
∆p ×∆s0...sp × τs0...sp → ∆
p × η
This gives the same result, but will be more convenient when we shall
see that the two approaches to integration give the ’same’ result.
We still need to define the integral on ∆p × η′ for η′ ∈ Sk(Lσ) a
lower-dimensional simplex. This will actually just be the restriction of
the integral on ∆p × η for η a top-simplex such that η′ ⊆ η, we shall
see that this is independent of which top-simplex we choose (this also
shows that the resulting form is really simplicial on |Lσ|).
Let us first take a look at what happens to the formula (5.6) when
the integral is restricted to ∆p × η′ ⊆ ∆p × η.
For a τ ∈ PSn,m(K/η) we see that∫
∆p+s×τs0...sp/∆
p×η
ω
(p+s)
τs0...sp (5.8)
restricted to ∆p × η′ is non-zero exactly when τs0...sp ∩ π
−1(η′) and
τs0...sp have the same dimension r = n− s in the direction of the fiber.
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That is τs0...sp ∩ π
−1(η′) ∈ PSr,k(K/η
′) and τs0...sp ∈ PSr,m(K/η) (the
dimension in the direction of the fiber for a simplex in K is given as
dimF τ = dim τ − dim π(τ)).
Now in this case let α be the simplex in Lσ ’spanned’ by η
′ and σ,
then τ ∩ π−1(α) is n-dimensional in the fiber direction, so over each
η˜ ∈ Sm(Lσ), with η
′ ⊆ η˜, there is exactly one τ˜ ∈ PSn,m(K/η˜) with
τ ∩ π−1(α) ⊆ τ˜ and in the expression (5.8) it would make no difference
if we used τ˜ instead of τ .
We can also give an explicit formula in this case, but first we need
some notation. For a top-simplex µ ∈ PSn,m(K/Lσ) set µ˜ = µ∩π
−1(σ).
For a simplex ρ ∈ PSr,k(K/η
′) let
Fρ = {µ ∈ PSn,m(K/Lσ) | ρ = µ ∩ π
−1(η′),
dimF µ˜+ dimF ρ− dimF (µ˜ ∩ ρ) = n}.
Now write
ρ = [c00, . . . , c
0
r0
| . . . |ck0, . . . , c
k
rk
] and µ˜ = [b00, . . . , b
0
q0
| . . . |bp0, . . . , b
p
qp]
with µ ∈ Fρ and let i0, . . . , il ∈ {0, . . . , p} and j0, . . . , jl ∈ {0, . . . , k}
denote the coinciding blocks in µ˜ and ρ, that is
µ˜ ∩ ρ = [bi00 , . . . , b
i0
qi0
| . . . |bil0 , . . . , b
il
qil
] = [cj00 , . . . , c
j0
qj0
| . . . |cjl0 , . . . , c
jl
qjl
].
As before we set
ρs0...sl = [c
0
0, . . . , c
0
r0
| . . . |cjνsν , . . . , c
jν
rjν
| . . . |ck0, . . . , c
k
rk
]
and
µ˜s0...sl = [b00, . . . , b
0
q0 | . . . |b
iν
0 , . . . , b
iν
sν | . . . |b
p
0, . . . , b
p
qp]
and then finally the integration formula is given on ∆p × η′ by∑
ρ∈PS∗,k(K/η′)
∑
{µ˜|µ∈Fρ}
∑
0≤sν≤qiν
ε(µ)
∫
∆p+s×ρs0...sl/∆
p×η
ω
(p+s)
µ˜s0...sl (5.9)
Theorem 5.10. 1. Let ω ∈ Ω∗+n(|NK|) be a piece-wise smooth normal
simplicial form; then
∫
K/L
ω is a well-defined piece-wise smooth normal
simplicial form.
2. Let ω ∈ Ωk+n−1(|NK|), then we have a Stokes’ theorem∫
K/L
dω =
∫
∂FK/L
ω + (−1)nd
∫
K/L
ω
3. If ∂Y = ∅ then the map
∫
K/L
: Ω∗+n(|NK|) → Ω∗(|NL|) takes
integral forms to integral forms and it induces a map π! : H
∗+n
D (Y,Z)→
H∗D(Z,Z) in smooth Deligne cohomology.
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Proof. 1. This follows at once from the construction.
2. First we observe that for ω ∈ Ωk+n−1(|NK|) we have on ∆p × η
(η ∈ L
(n)
σ )∫
K/L
dω =
∑
τ∈PSn,m(K/η)
∑
0≤sj≤qij
∫
∆p+s×τs0...sp/∆
p×η
(dω)τ
s0...sp
=
∑
τ∈PSn,m(K/η)
∑
0≤sj≤qij
∫
∂F (∆p+s×τs0...sp)/∆
p×η
ω
(p+s)
τs0...sp +
+ (−1)n
∑
τ∈PSn,m(K/η)
∑
0≤sj≤qij
d
∫
∆p+s×τs0...sp/∆
p×η
ω
(p+s)
τs0...sp
=
∑
τ∈PSn,m(K/η)
∑
0≤sj≤qij
∫
∂F (∆p+s×τs0...sp)/∆
p×η
ω
(p+s)
τs0...sp +
+ (−1)nd
∫
K/L
ω.
In this formula, we recognize the first terms as
∫
∂FK/L
ω since lemma
5.5 gives us that ∂FAW ([Y|η]) = AW (∂F [Y|η]). Hence we have verified
the formula for η a top-dimensional simplex, and since the value of
the integral on the other simplices is given by restrictions, the formula
holds in general.
3. If ω ∈ Ω∗+n(|NK|) is integral, then we observe that the only non-
zero terms in (5.6) are those for s = n, that is, the integration is
only with respect to the map ∆p+n → ∆p, and the resulting forms
are then clearly integral. We also see that there is a result similar to
lemma 4.3, so it is now clear that we have an induced map in Deligne
cohomology. 
Now we are ready to compare the two integration maps. This com-
parison will also quite easily show that the first, smooth version of the
integration map also takes integral forms to integral forms.
First, choose a triangulation of the fiber bundle Y → Z and let
V = {Vj}j∈J and U = {Ui}i∈I be the associated coverings by the stars.
Now let K and L be subdivisions of these triangulations so that every
closed star of K and L lies inside an open set of V and U respectively.
Then we get maps
T : Ω∗(|PNV/U |)→ Ω∗(|PNK/L|), T ′ : Ω∗(|NU|)→ Ω∗(|NL|)
as above, inducing isomorphisms in cohomology.
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Lemma 5.11. If ∂Y = ∅ then the map
∫
[Y/Z]
: Ω∗+n(|NV|)→ Ω∗(|NU|)
takes integral forms to integral forms and hence induces a map in
smooth Deligne cohomology.
Proof. In the following, we will make use of remark 5.7, that is, we will
look at the integration map in terms of the prism complex.
Let β ∈ Ωk+n(|NV|) be an integral form. Now remark 4.1 en-
sures that the pull back ℓ∗β ∈ Ωk+n(|PNV/U |) lies in the subcom-
plex
⊕
q≤nΩ
k+n−q,q,0(|PNV/U |). Note also that everything besides
the term in Ωk,n,0(|PNV/U |) maps to zero under the integration map.
Now the diagram
Ω∗+n(|NW¯|)
ε′∗
//
∫
Y/Z ((RR
RR
RR
RR
RR
RR
R
Ω∗+n(|PNV/U |)
φ˜∗oo
∫
[Y/Z]

T // Ω∗+n(|PNK/L|)
∫
K/L

Ω∗(|NU|)
T ′ // Ω∗(|NL|)
(5.12)
where the commutativity of the triangle and the outer square impliy
that
∫
K/L
Tε′∗ = T ′
∫
Y/Z
. Furthermore, if we put β ′ = ε′∗φ˜∗β then by
corollary 3.6 we have
β ′ − β = hdβ + dhβ,
where h is the homotopy operator inducing the chain homotopy ε′∗φ˜∗ ∼
id. Note that since φ˜◦ε′ is the identity in the variable of the first simplex
and in those on the nerve, h maps Ωp,q,r(|PNV/U |) into⊕
q′<q
Ωp,q−q
′−1,r+q′(|PNV/U |),
so the image of h maps to zero under the integration map. Now by
definition we have ∫
[Y/Z]
β =
∫
Y/Z
φ˜∗β =
∫
[Y/Z]
β ′
and hence commutativity of the outer square in (5.12) gives
T ′
∫
Y/Z
φ˜∗β =
∫
K/L
Tε′∗φ˜∗β =
∫
K/L
Tβ ′
=
∫
K/L
Tβ +
∫
K/L
T (hdβ + dhβ).
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Also, since
∫
K/L
Tdhβ = (−1)n−1d
∫
K/L
Thβ the last integral is zero.
We therefore finally get
T ′
∫
[Y/Z]
β =
∫
K/L
Tβ
and since the right side is clearly integral, as noted above, we conclude
that
∫
[Y/Z]
maps integral forms to integral forms. 
Theorem 5.13. If ∂Y = ∅ then the maps∫
[Y/Z]
: Ω∗+n(|NV|)→ Ω∗(|NU|)
and ∫
K/L
: Ω∗+n(|NK|)→ Ω∗(|NL|)
induce the same map
π! : H
∗+n
D (Y,Z)→ H
∗
D(Z,Z)
in smooth Deligne cohomology.
Proof. This is similar to the proof above. Taking ω ∈ Ω∗+n(|PNV/U |)
with dω = ε∗α − β, we set ω′ = ε′∗φ˜∗ω and get ω′ − ω = dhω + hdω.
As above we have
T ′
∫
[Y/Z]
ω = T ′
∫
[Y/Z]
ω′ =
∫
K/L
Tω′
=
∫
K/L
Tω + d
∫
K/L
Thω +
∫
K/L
Thdω
and, as in the proof of lemma 5.11 the last term vanishes, since hdω =
hε∗α− hβ = −hβ because ε′∗φ˜∗ obviously acts as the identity on ε∗α.
Hence we get
T ′
∫
[Y/Z]
ω =
∫
K/L
Tω + dτ,
where τ =
∫
K/L
Thω. 
Corollary 5.14.
π! : H
∗+n
D (Y,Z)→ H
∗
D(Z,Z)
is independent of choice of coverings, partition of unity and triangula-
tions. In particular this proves theorem 1.1.
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Recall from example 3.1 that in the case of a fiber bundle Y → Z
with compact oriented fibers, where ∂Y 6= ∅ and a given triangulation
of the bundle ∂Y → Z, it is possible to extend this triangulation to a
triangulation of the bundle Y → Z. We shall see that the integral is
independent of this extension, thus proving theorem 1.2.
Theorem 5.15. Given a form ω ∈ Ω∗+n(|NV|) representing a class
in Deligne cohomology and a triangulation of ∂Y → Z compatible with
the covering V and two extensions |K1| → |L| and |K2| → |L| of this
to Y → Z then ∫
K1/L
T1ω ∼
∫
K2/L
T2ω in Ω
∗(|NL|),
where Ti : Ω
∗(|NV|)→ Ω∗(|NKi|), i = 1, 2 are given as above.
Proof. As in the proof of theorem 5.13 we have a ω′ ∈ Ω∗+n(|PNV/U |)
so that ω′ = ω + dhω + hdω, and we get, for i = 1, 2,
T ′
∫
[Y/Z]
ω = T ′
∫
[Y/Z]
ω′ =
∫
Ki/L
Tiω
′
=
∫
Ki/L
Tiω +
∫
Ki/L
Ti(dhω + hdω)
=
∫
Ki/L
Tiω +
∫
Ki/L
Tidhω
where T ′ : Ω∗(|NU|) → Ω∗(|NL|). Now the theorem follows from the
fact that ∫
Ki/L
Tidhω = d
∫
Ki/L
Tihω ±
∫
∂FKi/L
Tihω,
where the last term is easily seen to be independent of i. 
6. Products
The smooth Deligne cohomology groups comes with a product struc-
ture which has a quite simple description in the Cˇech-de Rham complex
(see [2] for a detailed description).
The usual wedge product on Ω∗(|NU|) does not take integral forms to
integral forms, so we have to define a new product with this property
in order to get a product compatible with the usual product in the
Cˇech-de Rham model.
First consider the maps
πi : |P1NU| → |NU|, i = 1, 2
where
π1 : ∆
q0q1 × Ui0...iq0+q1+1 → ∆
q0 × Ui0...iq0
INTEGRATION OF SIMPLICIAL FORMS AND DELIGNE COHOMOLOGY 25
is given by
(r0, r1, x) 7→ (r0, x)
and similarly
π2 : ∆
q0q1 × Ui0...iq0+q1+1 → ∆
q1 × Uiq0+1...iq0+q1+1
is given by
(r0, r1, x) 7→ (r1, x).
For t ∈ ∆1 we have the map
ℓt : |P1NU| → |NU|
given by
ℓt(r
0, r1, x) = (tr0, (1− t)r1, x).
It is clearly a homeomorphism for t ∈
◦
∆1.
The inverse is given as follows. Take an (r0, . . . , rn, x) ∈ ∆
n×Ui0...in
and choose p so that
∑p−1
i=0 ri ≤ t <
∑p
i=0 ri. Then
ℓ−1t (r0, . . . , rn, x) =
((
r0
t
, . . . ,
rp−1
t
, 1−
∑p−1
i=0 ri
t
), (1−
∑n
i=p+1 ri
1− t
,
rp+1
1− t
, . . . ,
rn
1− t
), spx).
Choose a smooth bump-function φ : R → R so that the following
holds
1.
∫ 1
0
φ(t)dt = 1.
2. limt→0 φ(t)/t
p = 0 and limt→1 φ(t)/(1 − t)
p = 0 for all p ∈ N. We
now have
Definition 6.1. The product
∧1 : Ω
∗(|NU|)× Ω∗(|NU|)→ Ω∗(|NU|).
is given by
ω1 ∧1 ω2 :=
∫
∆1
φ(t)dt ∧ (ℓ−1t )
∗(π∗1ω1 ∧ π
∗
2ω2)
The choice of bump-function insures that there are no convergens
problem. So this is well-defined and seen to give a normal simplicial
form.
Most of the following proposition is trivial.
Proposition 6.2. 1. Two different choices of bump-function gives chain-
homotopic products.
2. For ω1 ∈ Ω
p(|NU|) and ω2 ∈ Ω
q(|NU|) we have d(ω1 ∧1 ω2) =
dω1 ∧1 ω2 + (−1)
pω1 ∧1 dω2.
3. I∆ : Ω
∗(|NU|)→ Ωˇ∗(U) is multiplicative.
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4. If ω1, ω2 ∈ Ω
∗
Z
(|NU|) then ω1 ∧1 ω2 ∈ Ω
∗
Z
(|NU|).
Proof. 1. This is trivial since two choices of bump-functions that satis-
fies the required conditions are certainly homotopic by a linear homo-
topy through such bump-functions.
2. Follows from the corresponding formula for the wedge product.
3. Suppose ω1 ∧1 ω2 ∈ Ω
n,m(|NU|) then we have∫
∆n
(ω1 ∧1 ω2)i0...in =
∫
∆n
∫
∆1
φ(t)dt ∧ (ℓ−1∗t (π
∗
1ω1 ∧ π
∗
2ω2))i0...in
=
∫
∆1×∆n
φ(t)dt ∧ (ℓ−1∗t (π
∗
1ω1 ∧ π
∗
2ω2))i0...in
=
∑
p+q=n
∫
∆1×∆p×∆q
φ(t)dt ∧ ℓ∗tη
∗
p(ℓ
−1∗
t (π
∗
1ω1 ∧ π
∗
2ω2))i0...in
=
∑
p+q=n
∫
∆1×∆p×∆q
φ(t)dt ∧ (ω1)i0...ip ∧ (ω2)ip...in
=
∑
p+q=n
∫
∆p
(ω1)i0...ip ∧
∫
∆q
(ω2)ip...in .
So I(ω1 ∧1 ω2) = I(ω1) ∧ I(ω2) as claimed.
4. This follows directly from the proof of 3. 
Remark 6.3. Unfortunately the product is neither commutative nor
associative on the chain level but 3 above insures us that it is up to
chain homotopy.
The product is well-behaved with respect to the integration map in
section 4.
Proposition 6.4. For ω1 ∈ Ω
p+n(|NV|) and ω2 ∈ Ω
q(|NU|) we have(∫
[Y/Z]
ω1
)
∧1 ω2 =
∫
[Y/Z]
ω1 ∧1 π
∗ω2. (6.5)
Proof. Note that
(π1×π2)◦ℓ
−1
t ◦ℓ◦ φ˜ = (ℓ◦ φ˜◦π1×ℓ◦ φ˜◦π2)◦ℓ
−1
t : |NW| → |NV|×|NV|
So for a pair of forms ω, τ ∈ Ω∗(|NU|) we get the relation
(ℓ ◦ φ˜)∗(ω ∧1 τ) = (ℓ ◦ φ˜)
∗ω ∧1 (ℓ ◦ φ˜)
∗τ.
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This implies that∫
[Y/Z]
ω1 ∧1 π
∗ω2 =
∫
Y/Z
(ℓ ◦ φ˜)∗ω1 ∧1 (ℓ ◦ φ˜)
∗π∗ω2
=
∫
Y/Z
(ℓ ◦ φ˜)∗ω1 ∧1 π
∗ω2
=
(∫
Y/Z
(ℓ ◦ φ˜)∗ω1
)
∧1 ω2
=
(∫
[Y/Z]
ω1
)
∧1 ω2
as stated above. 
Let us move on to Deligne cohomology where the product structure
is a little different.
Definition 6.6. Let ω1 ∈ Ω
p(|NU|) and ω2 ∈ Ω
q(|NU|) be two forms
representing classes in Deligne cohomology. That is dωi = ε
∗αi − βi,
where αi is a global form and βi is integral. Then we define
ω1∧˜ω2 := ω1 ∧1 ε
∗α2 + (−1)
p+1β1 ∧1 ω2
Some calculations shows that this induces a well-defined product in
Deligne cohomology. E.g. take another representative ω1 + β for the
class [ω1] then we have
(ω1 + β)∧˜ω2 = (ω1 + β) ∧1 ε
∗α2 + (−1)
p+1(β1 + dβ) ∧1 ω2
= ω1∧˜ω2 + β ∧1 ε
∗α2 + (−1)
p+1dβ ∧1 ω2
= ω1∧˜ω2 + d(β ∧1 ω2) + β ∧1 β2
∼ ω1∧˜ω2.
Notably d(ω1∧˜ω2) = ε
∗(α1 ∧1 α2)− β1 ∧1 β2.
With this product on Ω∗(|NU|), the map I∆ of section 2.1 between
the simplicial and the Cˇech-de Rham model for Deligne cohomology
becomes an isomorphism of graded rings.
The next proposition follows directly from proposition 6.4.
Proposition 6.7. For ω1 ∈ Ω
p+n(|NV|) and ω2 ∈ Ω
q(|NU|) represent-
ing classes in Deligne cohomology, we have(∫
[Y/Z]
ω1
)
∧˜ω2 =
∫
[Y/Z]
ω1∧˜π
∗ω2. (6.8)
Remark 6.9. The product described above simplifies proposition 5.17
in [5]. Since we can choose γ1 ∧1 γ2 as representative for u1 ∪ u2.
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